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1. Show the following.
a) Yo 2 = mtEED for all n > 0,
YAl =3(4m —1) for all n > 0.

)
)

(¢) >oio1/3"=2(1 — 57) for all n > 0.
)

2. Let f: X =Y be a function between two sets X,Y. Let A,B C X and C, D CY be
arbitrary subsets. Determine if the following statements are true or false.

(a) f(ANB) = () f(B).
(b) fHCND) = fHC)N fTHD).
(c) f(AUB) = ()Uﬂﬁ
(d) fFH(CUD) = (C)u (D).

3. Let A, B, C be subsets of a set X. Show the following.

(a) (AUB)NC = (ANC)U(BNC).
(b) (ANB)UC = (AUC)N (BUQ).
(c) (AUB)czAcch
(d) (AN B) = A°U B°,

4. Show the set Z of integers is countable by using the function f : N — 7Z defined by

-]

May 6, 2025

if n is even
@t if s odd

I o3

5. Let f: A— B,g: B — C be functions. Determine if the following statements are true

or false.

(a) If f, g are injective, then so is g o f.



(b) If g o f is injective, then so is f.
(c) If g o f is injective, then so is g.
(d) If f, g are surjective, then so is g o f.
(e) If g o f is surjective, then so is f.
(f) If g o f is surjective, then so is g.
6. If Ay,..., Ay are countable, then show that the Cartesian product A; x ... x Ay is also
countable.

7. Show that a countable union of countable sets is countable.
8. Which of the following are equivalence relations on the given sets A.

) A=N:a~bif a—bis odd.

) A=N:a~bif a—bis even.

) A=N:a~bif -4<a—-0b<4.

) A=R:a~bif |a| = |b].

) Ais the set of all 2 x 2 real matrices: A ~ B if there exists an invertible matrix

P € A such that A= PBP!.

9. Fix a positive integer n. Consider the equivalence relation on Z defined by a ~ b if
a — b is divisible by n. Determine the equivalence classes for this relation.

10. Negate the following statements. P denotes the set of prime natural numbers.

(a) Ir € Q such that r? = 2.

(b) Vo € R,Jy € R such that y* = z.

(c) Vx € R,y € R such that y> = x or z < 0.

(d) Vp € P, if p > 2 then p is odd.

Vn € N such that n > 0 dpq,...,p, € P such such that n=p; - ... - p,.

f) V continuous functions f : R — R and Va,b € R such that f(a) < f(b), if
fla) < c< f(b), Iz € R such that f(z) =

(S

)
)
)
)
)
)

(
(
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11. Which of the following are subspaces of R"? When W is a subspace, find a spanning
set of W.



(a) W ={(a,b) € R*| ab = 0} C R%

(b) W ={(a,b) e R* |a+b=0} C R

(c) W={(a,b) eR* |a+b=1} C R

(d) W ={(a,b,c) eR3| a+b=c} C R

(e) W ={(a,b,c) € R*| ab=c} C R®.

(f) W={(a,b,c) eR¥|a+b+c=0and b—c=0} C R

12. Let Wy, Wy C R™ be subspaces.

(a) Show that W; N W; is a subspace of R™.
(b) Give an example to show that W; U W5 need not be subspace of R”.

(c) Define Wy + Wy = {v) + vy | v1 € Wi, v9 € Wo}. Show that W 4+ W, is a subspace
of R™.

1 2 1

13. Let A = [1 11

} . Let W C R? be the set of vectors (a,b, c) € R such that

(a) Find 4 vectors in W. How many vectors are in W?
(b) Show that W is a subspace of R?.
(c¢) Find a spanning set of W.

14. Let Wy, W,y be distinct and proper subspaces of R%. Show that W, N W, = {0}. Is this
statement true if W, W, are distinct and proper subspaces of R3?

15. Prove that {a +bv/2 | a,b € R} is a subfield of R.

16. Show that {a + bv/2 | a,b € R} is not a subfield of R.



